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1 .  Basis  o f  Spectra l  Analys is  

 A vector  x  in  a  two-d imensiona l  space  ( 2R )  i s  represented  by  the  sum o f  the  

coe f f i c ient  t imes  another  vectors  ,a b .  I f  ,a b are  l inear ly  independent ,  the  

coe f f i c ient  i s  un ique ly  determined .  

λ η= +x a b         (1 )  

Given  vec tors  1 2,e e  o f  magnitude  1  as  vectors  ,a b ,  the  coe f f i c i ents  are  the  

coord inate  components  o f  vec tor  x .  In  th is  case ,  1 2,e e  are  re ferred  to  as  bas i s  

vec tors  when 1 2,e e  are  or thogonal ,  they  are  re fe rred  to  as  a  rec tangular  

coord inate  system,  and  o therwise  are  re ferred  to  as  an  ob l ique  coord inate  

system.  

 

 

 

 

 

 

When the  vector  components  are  1 1

2 2

,
a b
a b
   

= =   
   

a b ,  the  inner  product  o f  vec tors  

,a b  i s  de f ined  as  

( )
2

1 1 2 2
1

, cosT
i i

i
a b a b a b θ

=

= = + = =∑a b a b a b     (2 )  

Where ,  a  i s  the  norm o f  the  vector  a ,  and  

( ) 2 2
1 2, a a= = +a a a        (3 )  

θ  i s  the  angle  between vectors  ,a b .  

For  or thogonal  bas is  vec tors ,  the  inner  product  and  norm are  

( ) ( ) ( )1 2 1 1 1 2 2 2, 0, , 1, , 1,= = = = =e e e e e e e e     (4 )  

a  λa  

b  

ηb  λ η= +x a b  
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When the  vector  x  i s  expressed  by  the  or thogonal  bas i s  vec tors  1 2,e e  as  

1 1 2 2λ λ= +x e e         (5 )  

Taking  inner  product  between x  and  1 2,e e ,  respect ive ly,  

( )1 1,λ = x e ,  ( )2 2,λ = x e        (6 )  

They  are  coord inate  components  1 2,λ λ ,  that  i s  

 1 1 2 2λ λ= +x e e         (7 )  

( ), , 1, 2i i iλ = =x e        (8 )  

In  the  same way,  the  vector  x  in  the  three -d imensional  space  ( 3R )  i s  expressed  

by  the  bas is  vec tors  1 2 3, ,e e e  

 1 1 2 2 3 3λ λ λ= + +x e e e        (9 )  

( ), , 1, 2,3i i iλ = =x e        (10 )  

and  the  coord inate  components  1 2 3, ,λ λ λ  in  the  three -d imens ional  space  are  

obta ined .  

 Here ,  the  vector  departs  f rom the  image  o f  "arrow"  and  general izes  as  fo l lows .  

Now,  le t  the  components  o f  the  vector  n∈a R  be longing  to  the  d imensional  space  

( nR )  be  ( )1 2
T

na a a .  The  fo l lowing  f igure  can  be  drawn by  arranging  the  

components .  

 

 

 

 

 

 

For  any  vectors  ,a b ,  the  fo l lowing  condi t ions  are  sat i s f ied .  

①  , n∈a b R ,  then  n+ ∈a b R  

②  n∈a R ,  then  nλ ∈a R  (where ,  λ  i s  a  sca lar )  

The  inner  product  o f  vec tors  ,a b  i s  de f ined  as  

 ( )
1

,
n

T
i i

i
a b

=

= =∑a b a b        ( 11 )  

I t  has  the  fo l lowing  propert ies .  

①  ( ), 0≥a b  e spec ia l ly  when ( ), 0=a a  then  =a 0  

②  ( ) ( ), ,=a b b a  

1 1n −  n  

・・・ 

1a  
2a  1na −  

na  

2  
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③  ( ) ( ) ( ), , ,+ = +a b c a c b c  

④  ( ) ( ), ,λ λ=a b a b  

The  vector  n∈x R  i s  decomposed  into  components  as  fo l l ows  us ing  the  

or thogonal  bas i s  vectors  1 2, , , n
n ∈e e e R :  

1

n

i i
i
λ

=

=∑x e         (12 )  

( ), , 1, 2, ,i i i nλ = =x e        (13 )  

That  i s ,  the  coord inate  components  in  the  n dimensiona l  space  are  obta ined .  

 

Next ,  cons ider  a  se t  o f  cont inuous  funct ions  C  de f ined  by  the  interval  [ ],a b  

and  a  funct ion  ( )f x  be longing  to  C .  The  funct ion  ( )f x  can  be  interpreted  as  a  

vector  wi th  an  in f in i te  number  o f  components .  

 

 

 

 

 

For  any  funct ions  ,f g ,  i f  the  symbol  ∈  represents  that  i t  be longs  to  the  se t ,  

then  the  f o l lowing  condi t ions  are  sat i s f ied .  

①  ,f g∈C  then  f g+ ∈C  

②  f ∈C  then  fλ ∈C  (where ,  λ  i s  a  sca lar )  

This  se t  C  i s  ca l led  funct ion  space .  The  inner  product  o f  the  funct ions  ,f g  i s  

de f ined  as  

 ( ) ( ) ( ),
b

a
f g f x g x dx= ∫        (14 )  

As  with  vectors ,  i t  has  the  fo l lowing  propert ies :  

①  ( ), 0f g ≥  e spec ia l ly  when ( ), 0f f =  then  ( ) 0f x =  

②  ( ) ( ), ,f g g f=  

③  ( ) ( ) ( ), , ,f g w f w g w+ = +  

④  ( ) ( ), ,f g f gλ λ=  

As  with  vectors ,  when the  inner  product  ( ), 0f g = ,  the  funct ions  f  and  g  a re  

or thogonal .  The  norm o f  the  func t ion  f  i s  ( ),f f f= .  と す る 。 The  funct ion  

a  
x  

( )f x  

b  
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space  in  which  the  inner  product  i s  de f ined  in  th is  way  i s  ca l led  Hi lbert  space .  
The  func t ion  f ∈C  i s  decomposed  into  components  as  fo l lows  us ing  a  se t  o f  

mutual ly  or thogonal  func t ions  1 2, , , nφ φ φ ∈C o f  s i ze  1  as  

1
i i

i
f λφ

∞

=

=∑         (15 )  

( ) ( ) ( ), , 1, 2, ,
b

i i ia
f f x x dx i nλ φ φ= = =∫      (16 )  

This  i s  ca l led  spectra l  decompos i t ion .  That  i s ,  in  the  Hi lbert  space ,  a  funct ion  

corresponds  to  a  vec tor,  and  a  spectrum us ing  an  or thogonal  funct ion  

corresponds  to  a  component  o f  or thogonal  coord inates .   
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2 .  Four ier  ser ies  expans ion  

As  an  example  o f  an  or thogonal  funct ion  sequence  1 2, , , nφ φ φ ∈C ,  cons ider  a  

se t  o f  s ine  and  cos ine  funct ions .  

sin 0 , cos 0 , sin1 , cos1 , , sin , cos ,x x x x n x n x⋅ ⋅ ⋅ ⋅ ⋅ ⋅   

These  are  vectors  o f  s ize  1  that  are  or thogonal  to  each  o ther  in  the  interva l  

( ),π π− .  The  inner  product  i s  de f ined  as  

( ) ( ) ( )1,f g f x g x dx
π

ππ −
= ∫       (17 )  

Actual ly  

( ) 0,1sin , sin sin sin
1,

m n
nx mx nx mx dx

m n
π

ππ −

≠
= ⋅ =  =

∫    (18 )  

( ) 0,1cos , cos cos cos
1,

m n
nx mx nx mx dx

m n
π

ππ −

≠
= ⋅ =  =

∫    (19 )  

( ) 1sin , cos sin cos 0nx mx nx mx dx
π

ππ −
= ⋅ =∫     (20 )  

There fore ,  f rom the  spectra l  decomposi t ion  o f  Hi lbert  space ,  any  funct ion  f  i s  

decomposed  into  the  fo l lowing  components  in  the  interval  ( ),π π− .  

( ) ( )
0

cos sinn n
n

f x a nx b nx
∞

=

= +∑       (21 )  

Where  

( ) ( )

( ) ( )

1, cos cos

1, sin sin

n

n

a f nx f x nx dx

b f nx f x nx dx

π

π

π

π

π

π

−

−

= =

= =

∫

∫
     (22 )  

In  fac t ,  there  i s  one  mistake .  The  fo l l owing  formula  

( ) 0,1cos , cos cos cos
1,

m n
nx mx nx mx dx

m n
π

ππ −

≠
= ⋅ =  =

∫    (23 )  

i s  wrong  when 0n m= = ,  s ince  

( ) 1cos 0 , cos 0 1 2x x dx
π

ππ −
= =∫       (24 )  

There fore ,  the  coe f f i c ient  must  be  hal f  on ly  when 0n = .  I t  shou ld  be  as  f o l lows .  

( ) ( )0

1
cos sin

2 n n
n

af x a nx b nx
∞

=

= + +∑      (25 )  
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I t  i s  ca l led  Four ier  ser ies  expans ion .  

    Now we  cons ider  the  fo l lowing  re lat ionsh ip  

cos , sin
2 2

inx inx inx inxe e e enx nx
i

− −+ −
= =      (26 )  

The  Four ier  ser ies  expans ion  wi l l  be  

( ) 0

1 12 2 2
inx inxn n n n

n n

a a ib a ibf x e e
∞ ∞

−

= =

− +   == + +   
   

∑ ∑     (27 )  

The  f i rs t  term is ,  f rom 0 0b = ,  

0

02 2
inxn n

n

a a ib e
=

− =  
 

       (28 )  

The  th ird  term is ,  f rom ,n n n na a b b− −= = − ,  

 
1

1 2 2
inx inxn n n n

n n

a ib a ibe e
∞ −

−

= =−∞

+ −   =   
   

∑ ∑      (29 )  

Then the  Four ier  ser ies  expans ion  wi l l  be  

( )
2

inx inxn n
n

n n

a ibf x e C e
∞ ∞

=−∞ =−∞

− = = 
 

∑ ∑      (30 )  

Where  

( )( ) ( )1 1cos sin
2 2 2

inxn n
n

a ibC f x nx i nx dx f x e dx
π π

π ππ π
−

− −

−
= = − =∫ ∫   (31 )  
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(Example )  

Obta in  Four ier  ser ies  expans ion  o f  2y x=  in  the  interval  ( )xπ π− ≤ ≤ .  

 

(Answer )  

2 2
0

1 2
3

a x dx
π

π
π

π −
= =∫  

( )2
2

1 4cos 1 n
na x nxdx

n
π

ππ −
= = −∫  

21 sin 0nb x nxdx
π

ππ −
= =∫  

There fore ,  

( ) ( )
2

2
1

41 cos
3

n

n
f x nx

n
π ∞

=

= + −∑  

 

 

From the  f igure ,  i t  can  be  seen  that  the  accuracy  o f  approx imat ion  increases  as  

the  number  o f  terms to  be  added  ( n )  increases .  On the  o ther  hand ,  the  Four ier  

ser ies  expans ion  i s  an  approx imat ion  in  the  in terva l  ( )xπ π− ≤ ≤ ,  and  in  o ther  

intervals ,  i t  i s  a  funct ion  that  repeats  wi th  the  per iod  2π .  

 

 

2 / 3π  

1n =  

0n =  

2n =  
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3 .  Fini te  Four ier  ser ies  

 Next ,  l e t  us  cons ider  Four ier  ser ies  expans ion  for  wave form data  composed  o f  

d iscrete  va lues ,  such  as  ground  mot ion  acce le rat ion  data .  The  waveform i s  N  

d iscre te  data  { }0 1 2 1, , , , Nx x x x −  sampled  at  regular  t ime  interva ls  t∆ .  The  

durat ion  o f  the  wave form is  T N t= ∆ .  

 

 

 

 

 

 

 

 

The  d iscre te  data  o f  a  t r igonometr ic  funct ion  whose  per iod  is  equal  to  T  wi l l  be  

as  fo l lows ,  where  the  bas ic  v ibrat ion  f requency  i s  0 1/f T= .  

 

 

 

 

 

 

 

When the  f requency  i s  0kf k f=  

 

 

 

 

 

 

 

 

 

0t  
t  

0x  
1x  2x  

mx  

2Nx −  
1Nx −  

1t  2t  
mt m t= ∆  

2Nt −  1Nt −  

T N t= ∆  
t∆  

( )0sin 2 mf tπ  

( )0cos 2 mf tπ  

mt  

mt  

( )sin 2 k mf tπ  

( )cos 2 k mf tπ  

/T k  

mt  

mt  
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Where  

( )( )0
2 22 2

/k m
km kmf t kf m t

T t N
π ππ π= ∆ = =
∆

     (32 )  

Then 

 ( ) 2sin 2 sink m
kmf t

N
ππ  =  

 
 and ( ) 2cos 2 cosk m

kmf t
N
ππ  =  

 
  (33 )  

 

We  de f ine  the  inner  product  o f  d iscre te  func t ions  ( ) ( ), , 0,1, , 1f m g m m N= −  as  

( ) ( )( ) ( ) ( )
1

0
,

N

m
f m g m f m g m

−

=

= ∑       (34 )  

Then 

1

0

0
2 2 2 2sin , sin sin sin / 2 0

0 0

N

m

l k
lm km lm km N l k

N N N N
l k

π π π π−

=

≠
         = = = ≠        

          = =

∑   (35 )  

1

0

0
2 2 2 2cos , cos cos cos / 2 0

0

N

m

l k
lm km lm km N l k

N N N N
N l k

π π π π−

=

≠
         = = = ≠        

          = =

∑   (36 )  

1

0

2 2 2 2sin , cos sin cos 0
N

m

lm km lm km
N N N N
π π π π−

=

        = =        
        

∑    (37 )  

 

I t  can  be  seen  that  the  d iscre te  data  o f  the  t r igonometr ic  funct ion  i s  an  

or thogonal  funct ion .  Thus ,  the  d iscre te  wave form data  ( )0,1,2, , 1mx m N= −  can  

be  decomposed  into  components  us ing  the  or thogonal  funct ion .  Summing  to  / 2N  

instead  o f  in f in i ty,  i t  can  be  expressed  as  

/2

0

2 2cos sin
N

m k k
k

km kmx A B
N N
π π

=

 = + 
 

∑      (38 )  

 

In  the  case  o f  0k = ,  0A  remains  s ince  
2 2cos 1, sin 0km km

N N
π π

= = .  We  wr i te  i t  

0 2A  so  that  i t  f i t s  the  express ion  o f  the  inner  product  la ter.  Also ,  in  the  case  o f   

/ 2k N= ,  /2
2cosN

kmA
N
π

 remains  s ince  
2sin 0km

N
π

= .  We  wr i te  /2NA  as  /2 2NA .  
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Then,  the  ser ies  sum is  as  fo l lows .  

( )/2 1
0 /2

1

/ 22 2cos sin cos
2 2

N
N

m k k
k

N mA Akm kmx A B
N N N

ππ π−

=

 = + + + 
 

∑   (39 )  

 

I t  i s  ca l led  F in i te  Four ier  ser ies .  The  Four ier  coe f f i c ient  can  be  obta ined  f rom 

the  fo l lowing  equat ion  by  us ing  the  inner  product  and  the  funct ion  

or thogonal i ty.  

1

0

2 2 2 2, cos cos , 0,1,2, ,
2

N

k m m
m

km km NA x x k
N N N N

π π−

=

 = = = 
 

∑    (40 )  

1

0

2 2 2 2, sin sin , 0,1,2, , 1
2

N

k m m
m

km km NB x x k
N N N N

π π−

=

 = = = − 
 

∑    (41 )  

From ( )( )0
2 2 2 2

/ k m
km km kf m t f t

N T t
π π π π= = ∆ =

∆
,  i t  can  be  expressed  as  

( ) ( )( ) ( )
/2 1

0 /2
/2

1
cos 2 sin 2 cos 2

2 2

N
N

m k k m k k m N m
k

A Ax A f t B f t f tπ π π
−

=

= + + +∑  (42 )  

Cont inuous  func t ion  ( )x t  

( ) ( ) ( )( ) ( )
/2 1

0 /2
/2

1
cos 2 sin 2 cos 2

2 2

N
N

k k k k N
k

A Ax t A f t B f t f tπ π π
−

=

≈ + + +∑   (43 )  

matches  d iscre te  data  ( )0,1,2, , 1mx m N= −  a t  N  data  po ints  0 1 2 1, , , , Nt t t t t −=  .  

   The  h ighest  f requency  i s   

/2 0
1

2 2 2N
N Nf f

T t
= = =

∆
       (44 )  

This  i s  ca l led  the  Nyquis t  f requency .  In  o ther  words ,  the  f requency  reso lut ion  i s  

represented  in  the  sense  that  the  wave form cannot  be  represented  by  a  f in i te  

Four ier  ser ies  even  i f  the  wave form conta ins  more  f requenc ies .  Also ,  the  Four ier  

ser ies  expans ion  i s  an  approx imat ion  in  the  interval  ( )0 t T≤ ≤ ,  and  in  o ther  

intervals  i t  i s  a  funct ion  that  repeats  with  the  per iod  T .  

 

Subst i tut ing  fo l lowing  re lat ionship  to  Equat ion  (39)  
2 2 2 2

2 2cos , sin
2 2

km km km kmi i i i
N N N Nkm e e km e e

N N i

π π π π

π π
− −

+ −
= =    (45 )  
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Then,  the  F in i te  Four ier  ser ies  wi l l  be  
2 2/2 /2 1

0 12 2

km kmN Ni ik k k kN N
m

k k

A iB A iBx e e
π π− −

= =

   − +
= +   

   
∑ ∑  

Where  

k k N k N kA iB A iB− −+ = −        (46 )  

Cons ider ing  

( )22 N k mkm ii NNe e
ππ  −    −    

   =        (47 )  

Then,  we  can  get  the  F in i te  complex  Four ier  ser ies  as  fo l lows .  

 
21

0
, 0,1, 2, , 1

kmN i
N

m k
k

x C e m N
π −  

 

=

= = −∑       (48 )  

21

0

1 , 0,1, 2, , 1
2

kmN i
Nk k

k m
m

A iBC x e k N
N

π − −  
 

=

−
= = = −∑     (49 )  

S ince  *
N k kC C− =  ( *  i s  con jugate  complex  number ) ,  we  need  ( )0,1, 2, , / 2kC k N=  .  

 

Express ing  the  Four ier  coe f f i c ients  kC  us ing  ampl i tude  and  phase ,  

 ki
k kC C e φ=  

Where  

 2 21
2k k kC A B= +  

 
( )
( )

1 1 Re
tan tan

Im
kk

k
k k

CA
B C

φ − −   
= − =        

 

Note  that  the  graphs  o f  kC  and  kφ  p lo t ted  on  the  hor izonta l  ax is  wi th  the  

f requency  are  ca l led  the  ampl i tude  spectrum and  the  phase  spec trum,  

respect ive ly.  However,  as  descr ibed  la ter,  the  Four ier  spectrum o f  a  wave form 

re fers  to  a  va lue  obta ined  by  mul t ip ly ing  the  ampl i tude  spectrum kC  by  the  

durat ion  T .  

The  computer  uses  th i s  F in i te  Four ier  ser ies  to  ca lcu late  the  Four ier  

t ransform o f  the  se ismic  wave .  Al though not  descr ibed  in  th is  document ,  an  

innovat ive  a lgor i thm for  obta in ing  f in i te  Four ier  coe f f i c ients  (Fast  Four ier  

Trans form,  FFT)  i s  used  for  ca lcu lat ion .  

i  

/ 2kB−  
kC  

/ 2kA  

kφ  
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We can  se t  

( ) , ( 0,1, 2, , 1)mx x t t m t m N= = ∆ = − ,   

Durat ion  tNT ∆= ,  
2 2
T N t
π πω∆ = =

∆
,  ( )0,1, 2, , 1k k k Nω ω= ∆ = −   

Then 

22 / N 2 / N k
tkm k k t k t t
t T

ππ π ω ω   = = = ∆ =   ∆   
 

There fore ,  the  F in i te  Four ier  t ransform o f  ( ) , ( 0,1, 2, , 1)x t t m t m N= ∆ = −  i s  

( )
1

0

1 , 0,1, 2, , 1k

N
i t

k
m

C x t e k N
N

ω
−

−

=

= = −∑      (50 )  

I ts  Inverse  F in i te  Four ier  t ransform i s  

( )
1

0
, 0,1, 2, , 1k

N
i t

k
k

x t C e m Nω
−

=

= = −∑      (51 )  
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4 .  Four ier  t ransform 

The  Four ier  t ransform and  inverse  Four ier  t rans form o f  the  func t ion  ( )x t  are  

( ) ( ) i tF x t e dtωω
∞ −

−∞
= ∫        (52 )  

( ) ( )1
2

i tx t F e dωω ω
π

∞

−∞
= ∫       (53 )  

Us ing  re lat ionship  2 fω π= ,  i t  can  be  wr i t ten  a l so  

( ) ( ) ( )2i ftF f x t e dtπ∞ −

−∞
= ∫        (54 )  

( ) ( ) ( )2i ftx t F f e dfπ∞

−∞
= ∫        (55 )  

In  the  prev ious  F in i te  Four ier  coe f f i c ient  
21

0

1 , 0,1, 2, , 1
kmN i

N
k m

m
C x e k N

N

π − −  
 

=

= = −∑       (56 )  

Changing  the  or ig in  o f  t ime  to  be  the  center  o f  durat ion  tNT ∆= ,  

 ( )
2 2/2 /2

/2 1 /2 1

1 1km kmN Ni i
N N

k m m
m N m N

C x e x t e
N N t

π π   − −   
   

=− + =− +

= = ∆
∆∑ ∑    (57 )  

Increas ing  the  sample  number  by  keep ing  the  durat ion  tNT ∆=  t o  be  constant ,  

by  , 0N t→∞ ∆ →  

( )
2

/2

/2

1 ktiT T
k T

C x t e dt
T

π −  
 

−
= ∫       (58 )  

S imi lar ly,  the  f in i te  Four ier  ser ies  i s  g iven  by  center ing  on  the  or ig in  o f  the  

f requency  ax is .  
2/2

/2 1
, / 2 1, ,0,1, , / 2

kmN i
N

m k
k N

x C e m N N
π 

 
 

=− +

= = − +∑      (59 )  

Increas ing  the  sample  number  by  , 0N t→∞ ∆ →  

( )
2 kti

T
k

k
x t C e

π ∞  
 

=−∞

= ∑        (60 )  

I t  can  be  wr i t ten  as  

 ( ) ( )
2 1kti

T
k

k
x t TC e

T

π ∞  
 

=−∞

= ∑       (61 )  
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Increas ing  durat ion  T →∞ ,  then  express ing  
1,k f df

T T
→ →  and  ( )kTC F f→  

 ( ) ( ) ( )2i ftx t F f e dfπ∞

−∞
= ∫        (62 )  

I t  matches  the  inverse  Four ier  t rans form.  S imi lar ly,  the  f in i te  Four ier  

coe f f i c ients  are  

( )
2

/2

/2

ktiT T
k T

TC x t e dt
π −  

 
−

= ∫        (63 )  

Increas ing  durat ion  T →∞ ,  then  express ing  ( )kTC F f→  

( ) ( ) ( )2i ftF f x t e dtπ∞ −

−∞
= ∫        (64 )  

I t  matches  the  Four ier  t rans form.  

The  Four ier  spectrum is  

 ( ) 2 2

2k k k
TF f TC A B= = +       (65 )  

The  Four ier  phase  spectrum is  

 
( )
( )

1 1 Re
tan tan

Im
kk

k
k k

CA
B C

φ − −   
= − =        

     (66 )  
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(Example  1 )  

Obta in  Four ier  spectrum o f  the  funct ion  

( ) ( ) ( )0 0sin sin 2 / , ( 0,1, 2, , 1)m m m mx x t t k m N t m t m Nω π= = = = ∆ = −  

 

(Answer )  

Compar ison  with  F in i te  Four ier  ser ies  

( )∑
−

=

+



 ++=

12/

1

2/0 2/2cos
2

2sin2cos
2

N

k

N
kkm N

mNA
N
kmB

N
kmAAx πππ  

The  coe f f i c ients  are  

01,iA i k= = ,   00,iA i k= ≠ ,   0iB =  

There fore ,  the  graph o f  Four ier  coe f f i c i ent  i s  

 

 

 

 

 

 

Four ier  spectrum i s  

( )
0

2 2

2 2 2 2k k k k
T T T N tF f TC A B A ∆

= = + = = =  

There fore ,  the  spectrum ampl i tude  i s  hal f  o f  durat ion .  

 

 

 

 

 

 

That  i s ,  the  ampl i tude  o f  the  Four ier  spectrum var ies  depending  on  the  durat ion  

even  for  the  same s ine  waveform.  

 

 

 

0  1  N/2  k 0  

1  

N/2-

 

0  1  N/2  k 0  

/ 2T  

N /2 -
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5 .  Ve loc i ty  response  spec trum and  Four ier  spec trum 

 The  Four ier  t ransform o f  earthquake  ground  acce lerat ion  wave  ( )a t  wi th  

durat ion  T  i s  

( ) ( ) ( ) ( ) ( )
0 0 0

cos sin
T T Ti t i tF a t e dt a t e dt a t t dt i a t t dtω ωω ω ω

∞ − −

−∞
= = = −∫ ∫ ∫ ∫   (67 )  

Then,  the  Four ier  spectrum i s  

 ( ) ( )( ) ( )( )2 2

0 0
cos sin

T T
F a t t dt a t t dtω ω ω= +∫ ∫      (68 )  

 

On the  o ther  hand ,  the  equat ion  o f  mot ion  o f  a  s ing le  degree  o f  f reedom system 

with  input  ( )a t  i s  

mx cx kx ma+ + = −          (69 )  

or  

 22x h x x aω ω+ + = −          (70 )  

The  d isp lacement  ( )x t  i s  ca lcu lated  by  

 ( ) ( ) ( ) ( ) 2

0

1 sin ' , ' 1
'

t h tx t a e t d hω ττ ω τ τ ω ω
ω

− −= − − = −∫     (71 )  

The  ve loc i ty  response  i s  

 ( ) ( ) ( ) ( ) ( ) ( ) ( )
20 0

cos ' sin '
1

t th t h thx t a e t d a e t d
h

ω τ ω ττ ω τ τ τ ω τ τ− − − −= − − −
−

∫ ∫   (72 )  

When the  damping  fac tor  0h = ,  

( ) ( ) ( ) ( )2 2

0
cos cos sin cos

t
x t a t d A t B t A B tτ ω τ τ ω ω θ= − = + = + −∫   (73 )  

Where  

( ) ( )
0 0

cos , sin , tan
t t

A a d B a d A Bτ ωτ τ τ ωτ τ θ= = =∫ ∫     (74 )  

There fore ,  the  maximum value  o f  ve loc i ty  response ,  i . e . ,  response  ve loc i ty  

response  ( )VS ω ） i s  ca lcu lated  by  

 ( ) ( )( ) ( )( )2 2
2 2

0 0max
max

cos sin
t t

VS A B a t t dt a t t dtω ω ω= + = +∫ ∫    (75 )  

 This  shows  that  the  fo l lowing  equat ion  ho lds  between the  undamped  ve loc i ty  

response  spectrum ( ) 0V h
S ω

=
 and  the  Four ier  spectrum o f  the  ground  
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acce lerat ion  ( )F ω .  

( ) ( )0V h
S Fω ω

=
≈         (76 )  

I f  the  t ime  t  a t  which  the  maximum occurs  co inc ides  with  the  durat ion  T  o f  

the  se ismic  mot ion ,  the  two  co inc ide  complete ly.  

 

The  Four ier  spectrum and  the  undamped  ve loc i ty  response  spectrum,  and  phase  

spectrum for  the  record  o f  El  Centro  1940  (NS component )  are  shown be low.  

-4

-3

-2

-1

0

1

2

3

4

0 2 4 6 8 10

Hz

radian

0

0.5

1

1.5

2

2.5

3

3.5

0 2 4 6 8 10

Fourier Spectrum

Undamped Velocity Response Spectrum

m/s

Hz

 
Re ference  

D.  E .  Hudson ,  "SOME PROBLEMS IN THE APPLICATION OF SPECTRUM 

TECHNIQUES TO STRONG-MOTION EARTHQUAKE ANALYSIS" ,  Bul le t in  o f  

the  Se ismolog ica l  Soc ie ty  o f  Amer ica .  Vo l .  52 ,  No .  2 ,  pp .  417-430 .  Apr i l  1962  

( E l  C e n t r o  1 9 4 0 ,  N S  c o m p o n e n t )  

（1940 年  エルセントロ記録  南北成分）  

P h a s e  S p e c t r u m  
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6 .  Generat ion  o f  ar t i f i c ia l  ear thquake  ground  mot ion  

1 )  Target  response  spec trum 

  The  Bui ld ing  Standard  Law o f  Japan de f ines  the  very  rare  earthquake  by  the  

des ign  acce lerat ion  response  spectrum with  5% damping  fac tor.   

( )
( )

( )
( )

2

3.2 30 0.16
/ 8.0 0.16 0.64

5.12 0.64
A

T T s
S m s s T s

T s T

+ <
= ≤ <
 ≤

    (77 )  

 

 

 

 

 

 

 

 

 

  On the  o ther  hand ,  for  se i smic  des ign  o f  h igh-r ise  bu i ld ings  exceed ing  60m in  

he ight ,  t ime  h is tory  response  ana lys i s  us ing  ground  mot ion  acce lerat ion  

wave forms i s  required .   

In  the  fo l lowing ,  a  method  o f  c reat ing  a  ground  acce lerat ion  waveform 

(ar t i f i c ia l  ground  mot ion)  compat ib le  wi th  the  des ign  acce lerat ion  response  

spectrum us ing  the  Four ier  t rans form wi l l  be  descr ibed .  

 

2 )  Four ier  spectrum 

   Given  the  Four ier  spectrum and  the  phase  spectrum,  

 , , 0,1, 2, , / 2k kF k Nφ =        (78 )  

the  Four ier  coe f f i c i ent  i s  ca l cu lated  as  

( )( )cos sin , 0,1,2, , / 2ki
k k k k kC C e F T i k Nφ φ φ= = + =     (79 )  

*
N k kC C− =         (80 )  

From the  inverse  Four ier  t rans form,  a  t ime  h is tory  waveform is  obta ined  as  

fo l lows .  

0

2

4

6

8

10

0 1 2 3

2/m s  

( )T s  

h = 0 . 0 5  
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21

0
, 0,1, 2, , 1

kmN i
N

m k
k

x C e m N
π −  

 

=

= = −∑       (81 )  

 

For  the  Four ier  spectrum,  cons ider  us ing  an  undamped  ve loc i ty  response  

spectrum as  a  f i r s t  approx imat ion .  

 

When the  acce lerat ion  response  spectrum wi th  the  damping  fac tor  0.05h =  i s  

g iven ,  

 ( ) 0.05
, 0,1, 2, , / 2A k h

S f k N
=

=        (82 )  

The  pseudo  ve loc i ty  response  spectrum is  obta ined  as  

 ( ) ( ) ( )0.05 0.05
2V k A k kh h

S f S f fπ
= =

=       (83 )  

The  undamped  ve loc i ty  response  spectrum ( 0h = )  i s  ca lcu lated  f rom 

 ( ) ( )0 0.05V k h V kh h
S f F S f

= =
=       (84 )  

Where  hF  i s  the  modi f i cat ion  rat io .  The  fo l lowing  empir i ca l  formula  i s  used .  

 1.5
1 10hF

h
=

+
        (85 )  

There fore ,  the  f i r s t  approx imat ion  o f  the  Four ier  spectrum is  

 ( ) ( ) ( )00 0.05 0.05
1.5k V k h V k V kh h h

F S f F S f S f== = =
= = =     (86 )  

 

3 )  Phase  spec trum 

There  i s  no  spec i f i c  method  to  make  the  phase  spectrum,  and  uni form random 

numbers  or  the  phase  spectrum o f  an  actual  earthquake  may be  used .  

When us ing  uni form random numbers ,  i t  i s  common pract i ce  to  mul t ip ly  the  

t ime  h is tory  by  an  enve lope  funct ion .  The  enve lope  func t ion  proposed  by  

Jennings*  i s  adopted  in  the  “Des ign  Technica l  Guide l ine  for  Input  Se ismic  

Ground  Mot ion  Creat ion  Method”  by  Bui ld ing  Center  o f  Japan.   

 

Leve l  1  (Serv iceab i l i ty  L imit )   Leve l  2  (Ult imate  L imit )   

( )
( )

( )( )

( )
( )
( )

25 0 5
1.0 5 25

exp 0.066 25 25 60

t s t s
e t s t s

t s t s

 < <


= ≤ <
 − − ≤ <

 ( )
( )

( )( )

( )
( )
( )

25 0 5
1.0 5 35

exp 0.027 35 35 120

t s t s
e t s t s

t s t s

 < <


= ≤ <
 − − ≤ <
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*Jennings ,  P.C. ,  Housner,  W.G. .  and  Tsai ,  N .C.  :  S imulated  earthquake  mot ions ,  

EERL,  Pasadena,  1968  

 

The  phase  spectrum o f  an  actual  earthquake  i s  obta ined  by  the  fo l lowing  

procedure .  

 

 

 

 

 

 

 

 

 

 

 

 

Ca lcu late  the  ve lo c i ty  response  spectrum ( )i
V kS f  o f  the  created  s imulated  

ground  mot ion  and  correc t  the  Four ier  spectrum again  unt i l  the  e rror  f rom the  

targe t  va lue  ( )TV kS f  becomes  suf f i c ient ly  smal l .  

 
( )
( )

1 0.05

0.05

,
T

V ki i h
k i k i i

V k h

S f
F F

S f
γ γ+ =

=

= =       (87 )  

 

 

 

( )0,1, 2, , 1mx m N= −

  R e a d  a c t u a l  e a r t h q u a k e  a c c e l e r a t i o n  d a t a  

21

0

1 , 0,1, 2, , 1
kmN i

N
k m

m
C x e k N

N

π − −  
 

=

= = −∑ 

 

( )
( )

1 Re
tan

Im
k

k
k

C
C

φ −  
=   

 
 

F o u r i e r  t r a n s f o r m  

F o u r i e r  c o e f f i c i e n t  

P h a s e  s p e c t r u m  

( )e t  

t  
0  5       25  35         60                      120 s  

1 

L e v e l  1  L e v e l  2  
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The  f low o f  c reat ing  a  s imulated  ground  mot ion  i s  summarized  as  f o l lows .  The  

base  l ine  correc t ion  o f  the  c reated  acce lerat ion  waveform is  a lso  per formed .  
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0
, 0,1, 2, , 1

kmN i
N

m k
k

x C e m N
π −  

 

=

= = −∑ 

 

( ) ( )0
, 0 , 0.051.5

, 0,1, 2, , / 2

i
k V h k V h k

k

F S f S f
k Nφ

=
= == =

= 

  

( )( )cos sin , 0,1,2, , / 2ki i
k k k k kC C e F T i k Nφ φ φ= = + = 

 

( ), 0.05
i
V h kS f=

 

( )
( )

0.05

0.05

T
V k h

i i
V k h

S f

S f
γ =

=

=  

1i i
k i kF Fγ+ =  

1+= ii  

I n i t i a l  F o u r i e r  s p e c t r u m  a n d  p h a s e  
s p e c t r u m  

F o u r i e r  c o e f f i c i e n t  

( )21
0.05

/ 2 1

k
k

N

γ
ε

−
= <

+

∑
 

N O  

Y E S  

E N D  

A c c e l e r a t i o n  w a v e f o r m  

B a s e  l i n e  c o r r e c t i o n  

C a l c u l a t e  v e l o c i t y  r e s p o n s e  s p e c t r u m  w i t h  05.0=h  

R a t i o  b e t w e e n  t a r g e t  s p e c t r u m  

C h e c k  i f  e r r o r  i s  s m a l l  

M o d i f y  F o u r i e r  s p e c t r u m  

m m mx e x=  I n  c a s e  o f  r a n d o m  p h a s e ,  m u l t i p l y  t h e  e n v e l o p e  f u n c t i o n  

I n v e r s e  F o u r i e r  t r a n s f o r m  

F o u r i e r  t r a n s f o r m  , 0,1, 2, , / 2i
k kF T C k N= = 
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(Example )  

 The  fo l l owing  f igures  show examples  o f  s imulated  ground  mot ions  those  match  

the  des ign  acce lerat ion  response  spectrum and  have  d i f ferent  phase  spec trum;  

one  i s  the  random phase  and  another  one  i s  the  phase  o f  1995  Kobe  ear thquake  

NS component  record .  In  both  cases ,  the  acce lerat ion  response  spectra l  match  

the  targe t  ones ,  but  the  waveform shapes  are  s igni f i cant ly  d i f ferent .  
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(a )  random phase               (b )  phase  o f  1995  Kobe  earthquake  
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7 .  Autocorre lat ion  func t ion  and  Power  Spectrum 

The  average  va lue  o f  the  products  o f  funct ions  ( )x t  and  ( )x t τ+  i s  ca l led  the  

autocorre lat ion  func t ion ,  and  i s  expressed  as  the  fo l lowing  equat ion .  

( ) ( ) ( )
/2

/2

1 T

T
R x t x t dt

T
τ τ

−
= +∫        (88 )  

Extend ing  the  in tegrat ion  range  as  

 ( ) ( ) ( )1R x t x t dt
T

τ τ
∞

−∞
= +∫       (89 )  

The  Four ier  t rans form o f  the  autocorre lat ion  funct ion  ( )R τ  i s  ca l led  the  power  

spec trum (dens i ty  funct ion ) .  

 

( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) 2

1

1

1 1

1 1

i

i

i t i t

i t i t

S R e d

x t x t dt e d
T

x t x t e d e dt
T

x t F e dt F x t e dt
T T

F F F
T T

ωτ

ωτ

ω τ ω

ω ω

ω τ τ

τ τ

τ τ

ω ω

ω ω ω

∞ −

−∞

∞ ∞ −

−∞ −∞

∞ ∞ − +

−∞ −∞

∞ ∞

−∞ −∞

=

 = +  

 = +  

 = = 

= − =

∫

∫ ∫

∫ ∫

∫ ∫

    (90 )  

From the  above  equat ion ,  i t  can  be  seen  that  the  power  spectrum ( )S ω  i s  the  

average  power  ( square )  o f  the  Four ier  spectrum ( )F ω .  

The  autocorre lat ion  funct ion  i s  the  inverse  Four ier  t ransform o f  the  power  

spectrum.  

 ( ) ( )1
2

iR S e dωττ ω ω
π

∞ −

−∞
= ∫       (91 )  

Note  that  ( ) ( )S Sω ω= −  and  the  same value  at  pos i t ive  and  negat ive  f requenc ies ,  

the  one -s ided  power  spectrum cons ider ing  on ly  the  pos i t ive  s ide  f requency  i s  

o f ten  used .  

 ( ) ( )2 , 0G Sω ω ω= >        (92 )  
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8 .  Generat ion  o f  a  waveform that  matches  the  power  spec trum 

  The  f l ow o f  generat ing  art i f i c ia l  ground  mot ion  in  the  prev ious  sec t ion  

becomes  s impler  when creat ing  a  wave form that  matches  the  target  power  

spectrum.  
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0
, 0,1, 2, , 1

kmN i
N

m k
k

x C e m N
π −  

 

=

= = −∑ 

 

0

, 0,1, 2, , / 2

i
k k

k

F S T
k Nφ

= =

= 

  

( )( )cos sin , 0,1,2, , / 2ki i
k k k k kC C e F T i k Nφ φ φ= = + = 

 

21i i
k kS F

T
=  

T
k

i i
k

S
S

γ =  

1i i
k i kF Fγ+ =  

1+= ii  

I n i t i a l  F o u r i e r  s p e c t r u m  a n d  p h a s e  
s p e c t r u m  
 

F o u r i e r  c o e f f i c i e n t  

 

( )21
0.05

/ 2 1

k
k

N

γ
ε

−
= <

+

∑
 

N O  

Y E S  

E N D  

A c c e l e r a t i o n  w a v e f o r m  

 

B a s e  l i n e  c o r r e c t i o n  

 

C a l c u l a t e  p o w e r  s p e c t r u m  

R a t i o  b e t w e e n  t a r g e t  s p e c t r u m  

 

M o d i f y  F o u r i e r  s p e c t r u m  

m m mx e x=  I n  c a s e  o f  r a n d o m  p h a s e ,  m u l t i p l y  t h e  e n v e l o p e  f u n c t i o n  

 

I n v e r s e  F o u r i e r  t r a n s f o r m  

 

F o u r i e r  t r a n s f o r m  

 

, 0,1, 2, , / 2i
k kF T C k N= = 

 


